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Aileron and Sideslip-Induced Unsteady Aerodynamic Modeling
for Lateral Parameter Estimation

Jatinder Singh* and S. C. Raisinghanif
Indian Institute of Technology, Kanpur, India

Aileron inputs and sideslipping motion of an aircraft will give rise to a trailing vortex system that is a function
of time. To account for such unsteady aerodynamic effects into the lateral equations of motion, a model is
proposed based on a simple vortex system. The expressions for induced sidewash and downwash angles obtained
for such vortex system are recast so that the resulting equations of motion can be used for parameter estimation.
Maximum likelihood method in frequency domain is used to analyze simulated flight data of an example airplane
to study the effects of inclusion and omission of unsteady aerodynamic modeling on estimated parameters.
Sensitivity of the extracted parameters to different control input forms is shown to reduce with the inclusion of
unsteady aerodynamics.
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Nomenclature
lift curve slope of the vertical and horizontal
tail
linear acceleration along y axis
wing span
cosine integral of variable /£ (cos tit) dt
aileron control derivative, 8CL/d5a, (Ref. 8)
lift coefficient of horizontal tail
indicial lift coefficient of horizontal tail
side-force coefficient of vertical tail
chord
exponential integral of variable /!«, (e*/t) dt
exponential integral of variable /" (e~'/t) dt
acceleration due to gravity
moment of inertia about X and Z axis

Subscripts

8a, 8r
Ae
Ao-j, Ac72
A
p
(f>
a)
00

vertical and horizontal tail length
mass of the airplane
roll and yaw rate
sine integral of variable /£ (sin tit) dt
wing, vertical tail, and horizontal tail area
time
freestream velocity
constants in indicial side force, Eq. (4)
distance from center of gravity to
aerodynamic center of the left and right
panels of the horizontal tail
vertical height of aerodynamic center of
vertical tail from e.g. of the aircraft
angle of attack at the wing
aileron deflection parameter, da/88a, (Ref. 8)
angle of sideslip
aileron and rudder deflection
indicial downwash angle
indicial sidewash angles
wing sweep
density of air
bank angle
angular frequency
infinity
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root
steady-state value
horizontal tail
vertical tail
wing

Superscripts
derivative with respect to time

~ = Fourier transform
T = transpose of a matrix

= total derivatives, Eq. (17)
" = equivalent derivatives

Introduction

T HE last few years have witnessed increased efforts at the
modeling of unsteady aerodynamics into aircraft equa-

tions of motion for parameter estimation. Based on simplified
Weissinger's vortex model for wing,1 unsteady aerodynamics
has been modeled into equations of motion for estimating
longitudinal2'3 as well as lateral4"6 parameters. Such modeling
is expected to lead to increased confidence and high fidelity
in parameter estimation.

In Ref. 6, a model for sideslipping airplane was proposed
and shown to be more plausible and inherently consistent as
compared to the one suggested by Wells et al.7 In this article
the study of Ref. 6 is extended in two ways: 1) the proposed
vortex system of the sideslipping wing is slightly modified to
account for the center trailing vortex being parallel to the tip
trailing vortices, unlike the way it was taken along X axis in
Ref. 6 (see Fig. 1 of Ref. 6 and Fig. la of present article; and
2) a model is suggested for unsteady aerodynamics due to
trailing vortex pattern from aileron input (see Fig. Ib). The
lateral equations of motion with unsteady effects due to side-
slipping and aileron input are so recast in the frequency do-
main that they become amenable for parameter estimation.
Maximum likelihood method is used for parameter extraction
from simulated data for an example airplane to show the effect
of unsteady aerodynamics on estimated parameters.

Modeling of Unsteady Aerodynamics
A simplified arrangement of vortex system for a sideslip-

ping wing and a wing with deflected ailerons is shown in Figs,
la and Ib, respectively. The vortex pattern of Fig. la is similar
to that used in Ref. 6 except for the central vortex line being
at an angle /3 with respect to the X axis, unlike it being along
X axis in Ref. 6.

The vortex system of Fig. Ib for positive aileron deflection
assumes a vortex pattern for each panel of the wing due to
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Wing leading
edge

Trailing vortex

Trailing vortex

a) Vortex pattern of a sideslipping wing

Right pan«l of
}<Horz.tail

R2(a.c)

Down wash

b) Asymmetric vortex pattern due to positive aileron input

Fig. 1 Simplified arrangement of a vortex system for a sideslipping
wing and a wing with deflected ailerons.

effective angle-of-attack change caused by deflection of ai-
leron surface on that panel. The vortices have the direction
as shown in Fig. Ib and the same circulation strength of Ya
as determined by the lift generated on each panel given by
CLSa8a/2. Induced velocities were calculated at the aerody-
namic center (a.c.) of the left panel (RJ and right panel (R2)
of horizontal tail, and also at a.c. of vertical tail (R3).

The trailing vortices in Fig. 1 are assumed to move in the
plane of the wing and at one-half the freestream velocity.1
Biot-Savart law can now be used to calculate induced veloc-
ities, and thereby, induced angles at the tail surfaces. It is
also assumed that the total change in the induced angle at the
tail surfaces can be obtained by superposition of the induced
angles due to vortex system of Figs, la and Ib. Furthermore,
any interference effects are considered unimportant in com-
parison to the individual effects.

Following the method of analysis of Ref . 6, indicial induced
sidewash angle Acr1? for a unit step increase in sideslip angle
/3, was calculated at the a.c. of the vertical tail using Biot-
Savart law for the vortex pattern in Fig. la, and then its
accuracy improved by ensuring its correctness at the known
steady-state conditions.6 The expression for Ao^ so obtained
was found to be long and complicated, and therefore, not in
a suitable form for use in aircraft lateral equations of motion
for parameter estimation. To that purpose, Ao^ was calculated
for a few specific cases and after some trials the following
form suitable for parameter estimation was obtained:

-2Eut2

Ftan A

where (dcr/d/3)ss can be estimated reasonably accurately from
Refs. 8 and 9. The constants D to H are functions of wing
and tail geometry and location, and can be evaluated by curve
fitting Eq. (1) to the exact expression for Ac^ obtained from
Biot-Savart law. Such curve-fitting, e.g., airplane with wings
of sweep 0 and 30 deg, is shown in Fig. 2. It may be mentioned
that Eq. (1) is an improvement over the one given in Ref. 6,
since a more plausible vortex pattern has been used here for
the case of swept wings. For unswept wings, however, the
results from the present model differ only marginally from
those obtained in Ref. 6.

Full-span positive aileron deflection is assumed to create
the vortex system shown in Fig. Ib. Although the produced
net lift remains unchanged, the strength of the vortices is
governed by the wing and aileron geometry through the con-
trol derivative CLSa. This vortex system will induce a sidewash
at the vertical tail, and a downwash or upwash on the two
panels of the horizontal stabilator. The induced sidewash and
downwash/upwash are calculated as follows.

For the purpose of parameter estimation, the indicial side-
wash angle Acr2 induced at the a.c. of the vertical tail, follow-
ing a unit step increase in aileron input, was approximated
by the following expression:

exp
2 - 2Klv

where constants /, /, K are evaluated by curve-fitting Eq. (2)
to the exact expression for Acr2 obtained using Biot-Savart
law to Fig. Ib. Since (dcr/d§fl)ss was not readily available, it
was evaluated from the exact expression for Acr2 under steady-
state conditions. Figure 3 shows the comparison of the actual
curve (obtained using Biot-Savart law) and the approximate
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Fig. 2 Comparison of results from exact and approximate sidewash
equations for sideslip.
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Fig. 3 Comparison of results from exact and approximate sidewash
equations for aileron deflection.
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Fig. 4 Comparison of results from exact and approximate downwash
equations.

curve [obtained from Eq. (2)] for A = 0 and 30 deg. Except
for the region very near to the origin, the matching is rea-
sonably good.

The asymmetric vortex system of Fig. Ib would induce a
downwash on the left panel (looking from behind) and up wash
on the right panel of the stabilator. Again, Biot-Savart law
was used to calculate these induced angles at the a.c. of the
left and right panels, and their correctness ensured for steady-
state case. The expression so-obtained was then recast in the
following form to render it amenable to laplace transform and
thus suitable for parameter estimation in frequency-domain:

-(£),„ 4- Lcr
- y tan A) - (ut/2) - cr

^ .- M e x p ( - 2Nut\]——I
Lr / J

(3)

where (dg/da)/ss can be estimated from Refs. 8 and 9, and
the constants L, M, N are determined as before by curve-
fitting Eq. (3) to the values of indicial downwash angle Ae
obtained from Biot-Savart law. Figure 4 shows this curve
fitting for A = 0 and 30 deg.

The other possible unsteady aerodynamic effects may arise
from the lift buildup at the vertical and horizontal tails and
such effects can be modeled by the indicial lift functions sug-
gested in Refs. 6 and 7, e.g., the sideforce buildup at the
vertical tail can be modeled by indicial side-force function

ACy = -av 1 - y e x p - ̂  (4)

However, a brief study suggested that the buildup terms made
a nonsignificant contribution to the response (in Fig. 6, to be
discussed later). Therefore, in the model used for further
analysis, such buildup terms were not considered and only
the induced sidewash and downwash angles were retained as
unsteady aerodynamic contributions.

Duhamel's integral was used to obtain induced angles and
forces for arbitrary changes in f$(t) and 8a(t)

cr2(r) =

e(t) =

(t - T)JS(T) dr

dr

- r)Sa(r) dr

(5)

(6)

(7)

Cy(i) = - T)[/J(T) + ^(r) + <r2(T)] dr (8)

CLt(t) = dr (9)

where + and - signs are for the upwash on the right panel
and downwash on the left panel of horizontal stabilator, re-
spectively.

For parameter estimation it was found expedient to trans-
form the above equations into the frequency-domain. Laplace
transform of Eqs. (5-9) yields

) [1 -
P/ ss

(10)

(11)

C,(s) = -ajp(s) + «•,(*) + o-2(5)]

C^s) = a,[a(s) ± e(s)]

(13)

(14)

where functions Dl to D3 are defined in the Appendix.
The coupled perturbed lateral equations of motion in the

frequency domain can be written as

Ax = Bu

z = Cx + v

(15)

(16)

where jc, M, z, and v, are the state, control, output and mea-
surement noise vectors, respectively. A and B are the system
matrices and C is the observation matrix:

z = P, p, f,

The system matrices in Eqs. (15) and (16) are formulated
as

A =

r r s i/ft> - *i (C )M + ̂  Pj -/
L *» J

-*5[(c,,)ss -
0

c/P)ss -^4(c/,)ss o
iss /a) — k6(Cnr)ss 0

-1 0 ;o> J

5 =
^10^2 k9P3]

0

1
0
0
0

0 0
1 0
0 1
0 0

0
0
0
1

0 II kj ~1_

where
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and constants to kn are defined as

k7 =

puSv

puSv

glu
Svzv

J2m
,b2/4Ix

ISwb

k2
k5

kn

=
pbSJ4m
pu2Swb/2Iz

sv/sw
SvlvISwb

k3 = pbSwu2/2Ix

k, = PuSwb2/4Iz

k9 = 2Sty/Swb

All the stability and control derivatives Cy , C, , . . . , Cns
represent the steady-state values of the parameters. For brev-
ity of notation, the subscript "ss" has been dropped in further
reference to the parameters.

Results and Discussion
Due to nonavailability of real flight data, an airplane similar

to Navion used in Ref. 6 was considered for generating sim-
ulated flight data. The control inputs used are as shown in
Fig. 5. To compare the relative contributions from time-lag
effects and indicial load buildup on vertical and horizontal

2 1
Oto

—— Rudder
—— Aileron

10
-2

-5
20

Fig. 5

5 10 15
Time t (sec)

Control input form used to generate simulated flight data.

—— Load build up included
o Load build up omitted

——Unsteady effects omitted
A--0°

1-5 3-0 A.5 6-0
Freq.(radXs)

Fig. 6 Comparison of frequency response curves with load buildup
included, load buildup omitted, and unsteady effects omitted.

tails, the frequency response curves for yaw rate are shown
in Fig. 6. As seen from the figure, the two responses with and
without the load buildup terms are identical within the scale
of the figure (of course, both responses include the time-lag
effects). However, both of these responses show departure
from the response without unsteady effects, and therefore,
show the contribution of unsteady aerodynamics. In view of
similar observations made for the other output variables, the
load buildup terms were dropped from the equations of mo-
tion used for parameter estimation.

The simulated data always contained the unsteady aero-
dynamic effects while three different models were used for
parameter estimation: case I, model included all unsteady
aerodynamic effects; case II, model omitted time-lag effects
(Di = D2 = D3 = 0); and case III, model omitted any var-
iation in steady-state vortex system

(Pa = P2 = P3 = 0)

Results were obtained for case I for 0, 5, and 10% noise
level. As expected, the parameters were well-estimated and
Cramer-Rao bounds were low. The measured (simulated) and
estimated responses matched well for all the observed vari-
ables.

Next, parameters were estimated for case II and case III
for both A' = 0 and 30 deg. The results for A = 30 deg are
given in Table 1, along with those for case I for comparison.
Absorption of time-lag effects results in equivalent param-
eters being estimated for case II, and thus shows variation
from true values. The variation is further pronounced for case
III, wherein all the unsteady aerodynamic contributions pre-
sent in the flight data are absorbed in equivalent estimated
parameters. Specifically, large changes in CiSa and Cn8a (sign
change) for case III, and poor estimates of Cnp for both case
II and case III may be noted. Figure 7 compares the estimated
responses for cases II and III with the measured response.
The matching of responses for both cases II and III with
measured response is good even though quite a few estimated
parameters show significant difference from the true values.
The following interpretation of the results given in Table 1
helps to explain this apparent anomaly.

Relatively large errors are observed in the aileron control
derivatives Cysa, C/5a, Cn&a, and in stability derivatives Cir and
Cnr. In the equations of motion with unsteady aerodynamics,
the total aileron control derivatives as defined in matrix B of
Eq. (15) may be represented by

^V* *-^Ve

[ = C, — KWP2 — K9P3

(17a)

(17b)

(17c)

Table 1 Comparison of estimated parameters for cases I, II, and III; A = 30 deg

Estimated values
Parameters True value

-CyB 0.3702
- Cy 0.0400

Cy
P

d 0.0970
CyJ 0.0

-Ci° 0.2152
-G 0.4540

Ci 0.2550
G8 0.0383
G/ 0.2590
Cnl 0.1488

-C 0.0452
- Cn 0.2700
-C" 0.0720
-C/ 0.0250

Case I
0.3702
0.0400
0.0970
0.0
0.2152
0.4540
0.2550
0.0383
0.2590
0.1488
0.0452
0.2700
0.0720
0.0250

(0)a

(0)
(0)
(0)
(0)
(0)
(0)
(0)
(0)
(0)
(0)
(0)
(0)
(0)

Case II
0.4003
0.2087
0.0856
0.0908
0.2124
0.4652
0.1281
0.0376
0.2533
0.1481
0.0047
0.1432
0.0714
0.0415

(0.0128)a

(0.0344)
(0.0086)
(0.0164)
(0.0054)
(0.0129)
(0.0110)
(0.0031)
(0.0059)
(0.0007)
(0.0025)
(0.0034)
(0.0010)
(0.0012)

Case III
0.3999
0.1964
0.0880

-0.0362
0.2116
0.4661
0.1407
0.0366
0.2396
0.1476
0.0070
0.1462
0.0721

-0.0151

(0.0115)a

(0.0309)
(0.0078)
(0.0147)
(0.0061)
(0.0146)
(0.0126)
(0.0035)
(0.0068)
(0.0008)
(0.0028)
(0.0038)
(0.0011)
(0.0014)

aCramer-Rao bounds.
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Fig. 7 Comparison of estimated response for case II and case III with measured response.

Table 2 Comparison of the true values of the equivalent derivatives with
estimated values for cases II and III, A = 30 deg

Estimated
Parameter True value Case II Case III

c'lc
-0.1209

0.2440
0.0307

-0.0301
0.2383
0.0142

-0.0362
0.2396
0.0151
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Table 3 Variation of estimated parameters with control input form for cases I, II, and III,
A = 30 deg, noise level = 5%

Parameter
Change in

Case I, %
Case II, %
Case III, %

Cy,

0.01
11.7
11.5

Cy,

0.02
13.5
11.6

Cv,

0.05
8.40
4.10

C*r

0.00
8.10

15.7

Cn

0.04
9.90
6.60

^

0.00
7.60
9.10

r̂»P

0.11
78.9
82.6

Ci8a

0.03
2.40
4.30

r̂nSa

0.12
' 22.1

44.4

If the vortex system due to aileron ingut were considered
while the .time-lag effect was neglected (Dl = D2 = D3 = 0),
the equivalent derivatives for case II can be defined from Eqs.
(17) as

C" = C — da\

7,ss

(18a)

(18b)

(18c)

Similarly for case III (Pl = P2 = P3 = 0), the equivalent
derivatives will simply be the steady-state derivatives:

C" = C and C" = Cn (19)

The values of total aileron control derivatives used for gen-
erating measured response are frequency-dependent as given
by Eqs. (17). However, estimated parameters are the equiv-
alent parameters as given by Eqs. (18) for case II and by Eq.
(19) for case III. Thus, for a better comparison, true values
of equivalent derivatives from Eqs. (18) were computed and
compared with estimated equivalent values for case II and
case III as shown in Table 2. It shows that the sign change
observed earlier in case III for Cy8a and Cn8a is no longer
present. Both true and estimated values of Cn^a are positive.
This seems to imply that the vortex pattern due to aileron
deflection renders the equivalent CnSa positive, and thereby,
the estimated steady-state Cn&a for case III also has positive
sign after having absorbed the unsteady aerodynamic effects.

As discussed in Ref. 6, the other parameters Cir and Cnr
are most affected due to sideslipping phenomenon and con-
sequent vortex system generated. Finally, a brief study was
also carried out to see the relative importance of sidewash
induced at the vertical tail and downwash at the horizontal
tail. For the example airplane, sidewash effect due to vortex
system for aileron deflection were more significant than the
downwash effects. A large horizontal tail or a canard config-
uration may, however, lead to downwash effects being com-
parable to sidewash.

Queijo et al.2 had suggested that the extracted parameters
may show less variation for different control inputs when
unsteady aerodynamics is included as compared to when it is
not taken into account. To that purpose, many control input
forms were used to generate simulated flight data and param-
eters estimated for cases I, II, and III. Percent change in
estimated parameters for two different control input forms
was calculated. Such changes for two control inputs are com-
pared in Table 3. The large percentage variation for C»p seems
to suggest that the parameter is highly sensitive to the control
input form, and this explains poor estimates of it as mentioned
earlier. The least percent change for all the parameters for
case I seems to confirm that the unsteady aerodynamic mod-
eling does reduce the dependence of estimated parameters
on control input forms.

Conclusions
A simplified vortex model has been developed to account

for unsteady aerodynamic effects due to aileron deflections
and wing sideslipping motion. Computer-generated data with
unsteady aerodynamic effects for an example airplane was
utilized. To assess the effect of unsteady aerodynamics, pa-
rameters were estimated using two models, one including and
other excluding (either fully or partially) unsteady aerody-
namic effects. For the airplane considered, the results indicate
that inclusion of unsteady effects does show significant dif-
ference in some of the parameters, particularly in aileron
control derivatives. The inclusion of unsteady effects in es-
timation model helps to reduce the dependence of parameter
estimates on control input forms.

Appendix
Expressions for functions Dl to D3 appearing in Eqs. (10-

12) are as follows:

( , _ + d a
where

a = 2Eulcr b = 2cr[(lv/cr) - G]/u

d = 2zvHcrlu g = 4Fc2 tan A/w2

and s = joj. Constants Z), E, F, G, and // are determined
from Eq. (1). The above integrals can be evaluated from
standard tables of Refs. 10 and 11

: exp(s2/4a)erfc(s/2Va)

where erfc is the complementary error function10

r e~$t (b e~st A
Jo (t - b}2 + d2 " Jo (t - b)2 + d2

- cos(5d) Si(sd) - -

Here El9 Si, and Ci are the exponential, sine and cosine
integrals,10 respectively

D2(s) = ri~f exp[(/i + s)2/4f]erfc[(h + s)/2\/f]
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where

/ = 2Ju/cr

h = 2Klvlcr.

Constants 7, /, and K are determined from Eq. (2)

Ms , 2sLcr
s + (2Nulcr)

'• exp( - m)Ei(rri)

where Ei is the exponential integral10 and m — 2s [1 - y
tan A - cr]/u. Constants L, M, and N are defined in Eq. (3).
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